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Abstract. Self-Reciprocal Polynomials (SRP’s) h ave applications in the construction of re- 
versible error correcting codes, and the efficient implementation of linear feedback shift reg- 
isters. Reversible codes are advantageous in certain data storage systems, where the data can 
be read in either direction. In this paper we extend previous results on SRP’s. Specifically, the 
maximum possible exponent for a composite SRP over GF(q), p an odd prime, is derived, and 
a construction for these is given. A lower bound is given for the number of SRP’s with this 
exponent. The maximum exponent for SRP’s over GF(‘2) with certain degrees is also found. 
1. INTRODUCTION 
Given a polynomial f(z) of degree P over GF(q), its reciprocal polynomial is defined as 
f.(z) = z+). 
If f(x) = f*(z), then f( I is called a Self-Reciprocal Polynomial (SRP). Self-Reciprocal ) 
Polynomials were first used to construct reversible codes by Massey [l]. Hong and Bossen [2] 
later investigated SRP’s over GF(2). 
Define the exponent of a polynomial, e(f(t)), as the minimum positive integer y such 
that 
ty E 1 mod j(z). 
A small subset of the SRP’s will have a maximum exponent, and these are denoted as 
Maximum Exponent Self-Reciprocal Polynomials (MRP’s). The exponent for an irreducible 
SRP is given in the following theorem. 
THEOREM 1. 
The exponent of an irreducible SRP of degree T, r > 1, over GF(q) must divide 
q+ + 1, r even. 
The proof of this theorem can be found in [2]. Note that this implies that irreducible 
SRP’s exist only for even degrees. For any exponent, k, kI(q” + 1) (11, there are 
d(Iz) (1) 
P 
SRP’s which are irreducible, where 6 is Euler’s totient function. 
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2. MAXIMUM EXPONENT SELF-RECIPROCAL POLYNOMIALS 
The maximum exponent of an irreducible SRP of degree r can be exceeded by a composite 
SRP of the same degree. Some of these will have maximum exponent (MRP). Hong and 
Bossen [2] give the maximum values, and a polynomial for each, for degrees P = 4 to 34, 
over GF(2). 
There are three components to a composite SRP: 
(I) ~S&(~)‘Ai(~) = ai(+)at(z), where ai is an irreducible polynomial which is not 
(2) nj am, h w ere Bj(+) is an irreducible SRP, 
(3) C(z) = (2 - q*n, where n 1 1, and only for q odd. 
Every SRP can be put in the form C(z) ni Af’(z) nj B?(Z). 
The following well known theorem can be used to find the exponent of a composite poly- 
nomial [3]. 
THEOREM 2. 
For f(x) = I-Ii a;‘(x), w h ere the ai are distinct irreducible polynomials, the exponent 
of f(z) is 
where t is given by 
e(f(z)) = GlcNe(ai(t))>, 
q ‘-’ < l?lflX{hi} 5 Qt. 
Define G(x) = sm(z>s&(x), where sm( ) t is a primitive polynomial of degree m, m > 1. 
Then G,(z) is a SRP with exponent q”’ - 1, since both g,,,(r) and g;(z) have this same 
exponent i4]. Define P,,,( ) x , m > 1, as an irreducible SRP of degree P i 2m and 
q”’ + 1. For P = 1, define PO(X) 2 x + 1. 
THEOREM 3. 
There exists a MRP of the form 
i j 
such that r = n + cri + crj, and the Ai and Bj(x) are SRP’s of degrees 
respectively, Pi, Tj >_ 2. 
ri and rj 
The proof can be found in [2]. It remains to find the maximum exponent for 
and q, and the number of MRP’s. 
a given r 
Since the exponent of any irreducible SRP, Bj(Z), of degree r divides q”’ + 1,r = 2m, 
and the exponent of any irreducible polynomial pair, A;(z), of degree r divides q”” - 1, we 
obtain the following lemma. 
exponent 
(2) 
LEMMA 4. 
There exists a MRP of the form 
f(x)= PtnP,,JG,j,m;>_ 1,mj Lltmifmjj 
i j 
such that r = lI+2Cimi+2Cjmj, where Pmi is an irreducible SRP of degree r = 2m 
and exponent qm + 1, and Gmj is a SRP equal to gmjgkj, with gmj a primitive polynomial 
of degree m. (The (x) symbol is now dropped for clarity.) 
To show that mi # mj, suppose some mi = mj = m. The exponent of P,G, is 
[cm.(qrn - l,, qm + 1) = 
I 
q2m - 1, q = 2, 
3(q’” - l), q odd. 
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Therefore P,,,G, can be replaced by Gz,,, with no change in the exponent. 
Consider q an odd prime. The SRP I + 1 has exponent 2, and is the MRP of degree 1. 
(z + 1)’ is a MRP as long as 
Pqf:’ 2 q+ + 1, 
where rk] denotes the smallest integer greater than or equal to k. This is due to the fact 
that every SRP over GF(q), q odd, has exponent divisible by 2. Thus (z + 1)’ is a MRP for 
q = 3 and r 5 5. For q > 3, and r = 4, 2qrt1 = 2q, while qi + 1 = q2 + 1. Therefore (z + l)r 
is a MRP for P 5 3. From this result we get the following theorem. 
THEOREM 5. 
For q = 3 and P 3 4, there exists a MRP with exponent q(qLiJ-l + 3), of the form 
PiPm,m = v,r even, 
P,“P,,,,m = =$,r odd. 
Proof: From Lemma 4, the form of a MRP must be 
f(Z)=P~,Amin~mj,r=n+cmi+2Cmj 
i j 
Every P,,,i has exponent 3 “‘i+l, but since 2]3m*+1,1cm(3mt+l,V’i) _< S~“‘-tl. Similarly, 
2 1 3mj - 1, so lcm (3”j - 1,Vj) < 3Cmi - 1. Thus there exists a MRP of the form 
POn Pm1 G,, , r = n + 2rnl-k 2m2. 
Now lcm(3”’ + 1,3”7 - 1) 5 3mt+ma + 1, so that a MRP must have the form 
f(x) = P,“P,,r = n+2m. 
PO” has exponent 2 x 3’ from theorem 2, and 3 A3” + 1. Thus the exponent of f(z) will be 
3’lcm(2,3” + 1) = 3t(3m + 1) = q(qliJ-1 + 3), as previously it was found that n = 4 for r 
even, and n = 5 for r odd. 
The extension to q an odd prime is given in the following corollary. 
COROLLARY 6. 
For q = 3,r < 4, and q > 3, q odd, a MRP has exponent q(qLfJ-l + l), and the form 
P,‘P,,m = y,r even, 
P$P,,,,m = =$,r odd. 
Therefore we have an explicit expression for the exponent of a MRP when q is an odd 
prime. This is not the case for q = 2, because 2” - 1 and 2” + 1 are odd numbers. When 
prime, they are called Mersenne and Fermat Primes, respectively. 
3. ‘FERMAT’ MAXIMUM EXPONENT SELF-RECIPROCAL POLYNOMIALS OVER GF(2) 
In [2], it was stated that the exponent of a MRP for q = 2 is very near to 2q. A 
construction can be defined for a MRP of degree r = 2(2” - 1) and exponent 2* - 1. 
22m + 1 is a Fermat Number, and an important feature of these numbers is that they are 
coprime. Over GF(2), the following maximum exponent irreducible SRP’s, P,,,, exist: PI 
has exponent 220 + 1 and degree 2, P2 has exponent 221 -t 1 and degree 4, Pa has exponent 
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22a + 1 and degree 8, etc. Denote these as irreducible ‘Fermat SRP’s.’ From the there 
exists a SRP of the form 
n-1 
II pm,, 
i=o 
with degree r = 2(2” - 1) and exponent 
n-1 
rI 29 + 1 = 22” - 1. 
i=o 
These are given as MRP’s in [2] for degrees 6, 14 and 30. That this construction always 
produces an MRP is proven by the fact that 2l+ 1 = 3122k+1 + 1, and 22 + 1 = 5124L+2 + 1, 
2” + 1 = 17126”+4 + 1, i.e., 
22” + 1122”(2k+‘) + 1, k 2 0. 
Since all exponents can be put in the form 
2Wk+‘) + 1, 
for some II and k, the degree of any irreducible SRP over GF(2) is divisible by the degree 
of an irreducible Fermat SRP. Thus the product of the least n irreducible Fermat SRP’s is 
an MRP. 
This result can be extended to polynomials over GF(q), q = 2”. 
4. LOWER BOUNDS ON THE NuhrBm OF MAXIMUM EXPONENT SRP’s 
For r = 1, z + 1 is the only MRP, and for P = 2 there is (z + 1)2. For P = 3, there are 2 
MRP’s for q an odd prime, (z + 1)3 and (z - l)2(z + 1), and for q = 2, there is of course 
only (z + l)3. For degree r 14, and q = 3, from lemma 4 and (l), the number of irreducible 
SRP’s is at least 
2ti(3LyJ + 1) 
r- 4 * 
If 4 jj3m + 1, this bound can be increased to 
2f$(3L+J + 1) 
r- 4 
Note that 4 n3”’ + 1, only when m is odd. 
+4( 
3L+J+1 
2 1 
r- 4 * 
The bound for q > 3, q an odd prime, is given by 
,9(,-J + I) + q$=$‘+‘) 
r- 2 r- 2 ’ 
if4 xq”+ 1, and 
24(qLs?-1J + 1) 
r- 2 
(3) 
(4) 
otherwise. 4 Xq”” + 1, if and only if q = 4k - 1 and m is odd. Thus (3) is always valid for q 
a prime of the form 4k + 1. 
5. CONCLUSIONS 
The maximum possible exponent for a Self-Reciprocal Polynomial over GF(q), q an odd 
prime, is derived and a construction given for such a polynomial. A lower bound on the 
number of such polynomials is also given. The maximum exponent is found for SRP’s over 
GF(2) with degrees equal to 2(2” - 1). 
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